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Abstract
Real time RT-PCR is the most sensitive method for quantitation of gene expression levels. The accuracy can be dependent on the
mathematical model on which the quantitative methods are based. The generally accepted mathematical model assumes that ampliﬁcation eﬃciencies are equal at the exponential phase of the reactions for the same amplicon. However, no methods are available
to test the assumptions regarding ampliﬁcation eﬃciency before one starts the real time PCR quantitation. Here we further develop
and test the validity of a new mathematical model which dynamically ﬁts real time PCR data with good correlation
(R2 ¼ 0:9995  0:002, n ¼ 50). The method is capable of measuring cycle-by-cycle PCR ampliﬁcation eﬃciencies and demonstrates
that these change dynamically. Validation of the method revealed the intrinsic relationship between the initial amount of gene
transcript and kinetic parameters. A new quantitative method is proposed which represents a simple but accurate quantitative
method. Ó 2002 Elsevier Science (USA). All rights reserved.
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The reverse transcription polymerase chain reaction
(RT-PCR) is the most sensitive method for the detection
of speciﬁc mRNAs, in particular for low abundance
genes [1–7]. The recent introduction of ﬂuorescence
techniques to PCR, together with instrumentation able
to amplify, detect, and quantify mRNA levels, has
formed the basis of kinetic or ‘‘real time’’ RT-PCR assays [8–11]. Kinetic quantitative assays have largely
overcome the limitation of classical RT-PCR quantitation strategies such as RT-PCR with dot blot analysis
and competitive RT-PCR, and have signiﬁcantly simpliﬁed the process of producing reproducible quantitation of low abundance mRNAs. This has made real time
PCR a routine technique in molecular biology [12].
Two major approaches of real time PCR quantitation,
the absolute or relative quantitative method, are currently in use [6,9,13–19]. The standard curve method for
either absolute or relative quantitation is based on the
construction of standard curve of cycle number at a
threshold (CT ) vs initial input amount of total RNA or
copy number. This method assumes an approximately
equal ampliﬁcation eﬃciency of PCR among the diluted
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samples of the same gene, thus producing a linear
relationship of CT vs initial input amount of total RNA or
copy number. The comparative CT method, a currently
broadly adopted relative method, uses a non-convergence
and very straight forward mathematical model which ﬁts
only the initial phase of the reaction to model the kinetics
of PCR. This method relies on several assumptions including (1) approximately equal ampliﬁcation eﬃciencies
between target and reference genes and (2) a constant
ampliﬁcation eﬃciency close to 1 in the exponential phase
of PCR [20]. CT is used in both absolute and relative
methods since it is generally assumed that in the exponential phase of PCR, where CT is determined, the reaction components are not limiting, and thus ampliﬁcation
eﬃciency should be identical. However, there are no
methods yet available for evaluating whether the overall
ampliﬁcation eﬃciency in the exponential phase is indeed
constant and equal between reactions.
In our application of SYBR Green real time RTPCR, we have found that the ampliﬁcation eﬃciency of
PCR is often not close to 1, and ampliﬁcation eﬃciencies
of the reference and target genes are not always approximately equal [21]. Similarly, diﬀerences in ampliﬁcation eﬃciency have been found in DNA samples for
real time PCR, and an eﬃciency compensation protocol
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has been developed recently for human DNA samples
[22]. This indicates that the kinetic parameters of real
time PCR vary for individual reactions, even for the
same gene. Therefore, more accurate quantitation could
be achieved by consideration of the kinetics of each individual reaction. For example, ampliﬁcation eﬃciency
in the early exponential phase of each reaction could be
calculated from individual reaction kinetics, instead of
assuming a constant ðE ¼ 1Þ and identical ampliﬁcation
eﬃciency for all reactions. Based on the kinetics in the
early exponential phase of individual real time PCR, we
have developed an ampliﬁcation eﬃciency-based quantitative method [21]. In the present study, we demonstrated that ampliﬁcation eﬃciency varies over the early
exponential phase of the reaction and we applied a
sigmoidal mathematical model that well ﬁts the whole
kinetic process of real time PCR. We then evaluated the
validity of various assumptions employed in current real
time PCR by simulation of real time PCR kinetics using
this new mathematical model. The studies revealed that
the ampliﬁcation eﬃciency of real time PCR is changed
dynamically during the course of the reaction. The association of changes in kinetic parameters and the initial
amount of gene level are clariﬁed, and a new quantitative method based on the mathematical model is proposed and experimentally validated.

for 10 min, 1 cycle, then 60 °C for 1 min, 95 °C for 15 s, 40 cycles. The
speciﬁcity of the ampliﬁed products was examined in 3% agarose gel.
Simulation method. Rn vs Cycles were ﬁtted with the following
equation using SigmaPlot (SigmaPlot, version 5.0, SPSS, Richmond,
CA, USA):
Rmax
R  Rb ¼
ð1Þ
1 þ expðððn  n1=2 Þ=kÞÞ
Rn ¼ R  Rb ;

En ¼

Rn  Rn1
Rn1

The primer sequence is:
GAPDH
Forward: 50 -ATGTTCCAGTATGACTCCACTCACG-30 ,
Reverse: 50 -GAAGACACCAGTAGACTCCACGACA-30 ,
TREK-1
Forward: 50 -CGGCCGAGTTCAAGGAAA-30 ,
Reverse: 50 -CACGCTGGAACTTGTCGTAGAT-30 .
All primers were purchased from GenSet (GenSet Paciﬁc, Australia). SYBR Green PCR assays were performed on cDNA samples in
96-well optical plates on an ABI Prism 5700 Sequence Detection
System (PE Applied Biosystems, Foster City, CA). For each 25 ll
SYBR Green PCR reaction, 2.5 ll cDNA, 1.5 ll sense primer (5 lM),
1.5 ll anti-sense primer ð5 lMÞ; 12:5 ll SYBR Green PCR Master Mix
(PE Applied Biosystems, Foster City, CA), and 7 ll PCR-grade water
were mixed together. The parameters for a two-step PCR were 95 °C

ð3Þ

or
Rn ¼ Rn1 þ Rn1  En ;

ð4Þ

where En is the ampliﬁcation eﬃciency at cycle n, and where Rn and
Rn1 are the ﬂuorescence dye strength at cycle n and n  1.
For simplicity in simulation, we assume Rb ¼ 0, thus, a combination of Eqs. (1)–(3) gives:




 nn 
n  1  n1=2
1=2
1 þ exp 
1 :
En ¼ 1 þ exp 
k
k
ð5Þ

Materials and methods
Total RNA extraction and reverse transcription reaction. Heart tissue was used for total RNA extraction in this study. Rats were killed
by exsanguination under CO2 anaesthesia. Hearts were removed and
snap frozen in liquid nitrogen and stored at )80 °C until RNA extraction. Total RNA was isolated using TRIzol Reagent (Life Technologies, Frederick, MD, USA), 2 lg of total RNA was treated with
DNase (Life Technologies, Frederick, MD, USA) and reversetranscribed using random hexamer primer and SYBR Green RT-PCR
reagents (PE Applied Biosystems, Foster City, CA) according to
manufacturer’s instructions.
Synthesized cDNA corresponding to 100 ng total RNA was used
for real time PCR. GAPDH and a two-pore potassium ion channel
gene TREK-1 were chosen for PCR ampliﬁcation. Primers were designed using Primer Express Software (PE Applied Biosystems, Foster
City, CA) according to the software guidelines.

ð2Þ

where R is ﬂuorescence dye strength in real time PCR, Rn is background-removed ﬂuorescence dye strength in real time PCR at cycle n,
Rb is the background ﬂuorescence dye strength, Rmax the maximal
ﬂuorescence dye strength, n1=2 the cycle number when ﬂuorescence dye
strength is half of the Rmax , k the slope factor of increase in ﬂuorescence
dye strength.
Obviously, ampliﬁcation eﬃciency is not constant over the whole
PCR process, since the PCR kinetic curve eventually saturates (implying that eﬃciency must drop to zero). Thus, we deﬁne ampliﬁcation
eﬃciency on a cycle to cycle basis according to the mathematical model
currently applied in the real time PCR quantitation [20].
Ampliﬁcation eﬃciency can be written as:

The association of real time PCR kinetics with Rmax ; n1=2 , and k was
investigated by simulation using Eq. (1), and the relationship between
ampliﬁcation eﬃciency and k and n1=2 was simulated using Eq. (5).
The initial amount of gene transcripts, as represented by R0 in the
simulation, is deﬁned by setting n ¼ 0 in Eqs. (1) and (2), or written as:
Rmax
:
ð6Þ
R0 ¼
1 þ expðn1=2 =kÞ
How R0 is reﬂected by real time kinetics was investigated using
Eq. (6).
Quantitation of GAPDH with known concentration using the new
mathematical model. To test the validity of this new method, a 171 bp
GAPDH RT-PCR fragment was puriﬁed from the agarose electrophoresis gel using UltraClean 15 DNA Puriﬁcation Kit (MO BIO
Laboratories, CA, USA) and used for real time PCR assay. A series of
dilutions (2, 4, 6, 8, and 10 times) were made from a 1 sample with
GAPDH concentration at 1:6 103 ng=ll. The kinetic data from real
time PCR is ﬁtted using the sigmoid mathematical model and initial
amount of GAPDH as represented by R0 is calculated using Eq. (6).

Results
Ampliﬁcation quality by SYBR Green two-step PCR
protocol
An exclusive two-step PCR protocol has been broadly
applied in SYBR Green PCR system [23]. In combination with Primer Express Software for real time PCR
primer design and ABI Prism 5700 Sequence Detection
System, SYBR Green two-step PCR confers a high
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Fig. 1. Ampliﬁcation speciﬁcity by real time PCR. (A) Real time PCR
products visualized in 3% Agarose gel, a single band for both GAPDH
and TREK-1 is observed with the size as predicted. (B) PCR product
dissociation curves (melting temperature analysis) for both GAPDH
and TREK-1.

success rate for speciﬁc ampliﬁcation. To validate the
application of mathematical model, the speciﬁcity of the
real time PCR product was examined by both running
the product in agarose gel and dissociation curve analysis; both demonstrated that the PCR protocol employed
produced the speciﬁc gene product without non-speciﬁc
ampliﬁcation or primer–dimer formation. Fig. 1A shows
single GAPDH and TREK-1 fragment with the predicted
size of 171 and 66 bp, respectively. Dissociation curve
plots (melting temperature analysis) showed only one
peak for each product of TREK-1 and GAPDH, with
melting temperatures (Tm ) values of 80 and 83 °C, respectively (Fig. 1B), thus indicating that no primer–
dimer formation had occurred during the PCR [23].
The sigmoidal mathematical model ﬁts the whole kinetic
process of real time PCR
The generally accepted mathematical model in which a
constant PCR ampliﬁcation eﬃciency is assumed [20], is a
non-convergence function. It cannot reﬂect the whole
kinetic process of real time PCR, since product growth
will eventually be saturated due to either limiting of
reaction components or declining enzyme activity, or
both. We applied a sigmoidal mathematical model to ﬁt
real time PCR data, and found this model ﬁtted well the
kinetics of the whole real time PCR process. In 50 sets of
real time PCR kinetic data from a reference gene,
GAPDH, goodness of ﬁt coeﬃcients of 0:9995  0:002
(n ¼ 50) were achieved (for example see Fig. 2). The
technique has also been successfully applied to several
other genes (TWIK-1, TWIK-2, TASK-1, TASK-2,
TASK-3, TREK-1, TREK-2, TRAAK, and KCNK6, as
well as subunits for L-type and T-type Calcium channels).
Other kinetic parameters from the data ﬁtting are Rmax :
1.6–2.5 (1.57  0.14, n ¼ 50); k: 2.1–2.9 (2.20  0.10,
n ¼ 50); and n1=2 : 21.24–36.37 (33.37  0.67, n ¼ 50). The
input parameters used in the validation simulations were
then chosen from within these ranges to closely approximate the real situation.

Fig. 2. A representative real time PCR. Rn vs Cycles plot ﬁtted using Eq.
(1). Filled circles are experimental data from real time PCR, the line
shows the best ﬁt of the equation, which gives the parameters shown.

The mathematical model revealed that the ampliﬁcation
eﬃciency is changed dynamically
Simulation using Eq. (5) demonstrated that the ampliﬁcation eﬃciency can change from cycle to cycle. The
ampliﬁcation eﬃciencies are relatively stable in the early
stage of the reaction, then decay to approach zero at
cycle 40 (Figs. 3B and D). Such a dynamic change in
ampliﬁcation eﬃciency presumably reﬂects the cycledependent depletion of PCR reaction components and/
or a decline in polymerase activity due to polymerase
binding to its own ampliﬁcation products (a classical
end product inhibition) [24].
Figs. 3A and C show the kinetic process of real time
PCR with constant n1=2 and k, respectively. The corresponding ampliﬁcation eﬃciency kinetics in Figs. 3B
and D demonstrated that a smaller k is associated with a
higher initial ampliﬁcation eﬃciency. Change in n1=2 is
not associated with signiﬁcant change of initial ampliﬁcation eﬃciency, but a smaller n1=2 indicates an earlier
decay of the ampliﬁcation eﬃciency. Table 1 summarizes the relationship between the ampliﬁcation eﬃciencies in the early stages of real time PCR and n1=2 and
k. Filled circles in Fig. 3E are kinetic data from an experimental real time PCR, open cycles are calculated
ampliﬁcation eﬃciencies. Because the equation used to
calculate eﬃciency has a small denominator in the early
stages of the PCR reaction, small random ﬂuctuations in
eﬃciency are greatly magniﬁed, and hence the apparent
large ﬂuctuations in calculated eﬃciency are not reﬂective of true changes. After about the 20th cycle, calculated ampliﬁcation eﬃciency for the reaction followed a
similar exponential decay as seen in simulations.
A higher end-point R does not necessarily mean a higher
initial level of gene transcript
In semi-quantitative RT-PCR, the end PCR product
after certain number of cycles are compared to deter-
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Fig. 4. A higher end-point R does not mean a higher initial gene
transcripts. In (A) all reactions have the same n1=2 ¼ 26, in (B) all reactions have the same k ¼ 2, other kinetic parameters are indicated in
the ﬁgures. See details in the text.

end-point R and other kinetic parameters in real time
PCR are associated with the initial level of gene transcripts, as represented by R0 . In Fig. 4A, the ratio of
R0 ð Þ=R0 ð Þ is 0.89, and R0 ð.Þ=R0 ð Þ is 67.2, indicating that the sample with a smaller R but a higher k
can have a higher initial amount of gene transcripts than
the sample with a higher R but a smaller k. In Fig. 4B,
the ratio of R0 ð Þ=R0 ð Þ is 6.57, and R0 ð.Þ=R0 ð Þ is
0.12, indicating that the sample with a smaller R and n1=2
can have a higher initial amount of gene transcripts than
the sample with a higher R and n1=2 .
A lower CT does not necessarily mean a higher initial level
of gene transcript
Fig. 3. Ampliﬁcation eﬃciencies are changed dynamically. (A and C)
Simulated real time PCR Rn vs Cycles plots with Rmax 1.6 for each reaction but diﬀerent other kinetic parameters as indicated in the ﬁgures.
(B and D) The ampliﬁcation eﬃciency vs Cycles plots for (A) and (C),
respectively. Both show that the ampliﬁcation eﬃciencies decay exponentially from mid phase of the reaction. (B) shows that a smaller k is
associated with a higher ampliﬁcation eﬃciency, (D) reveals that the
diﬀerence of n1=2 indicated is mainly associated with mid and late phase
ampliﬁcation eﬃciencies of the reactions. (E) shows the kinetic data and
calculated ampliﬁcation eﬃciencies from an experimental real time PCR.

Table 1
Ampliﬁcation eﬃciencies of real time PCR at ampliﬁcation cycle 8 of
simulated real time PCR
n1=2

k¼1

k¼2

k¼3

k¼4

20
24
28
32

1.72
1.72
1.72
1.72

0.65
0.65
0.65
0.65

0.39
0.39
0.40
0.40

0.27
0.27
0.28
0.28

mine the gene expression level; the higher the product is,
the higher expression level is believed [25,26]. This assumption has been questioned, especially when the
quantitation is used as clinical diagnostic assay or disease screening [27]. To clarify this, we simulated how the

The standard curve method is based on the construction of CT vs initial input amount of total RNA (or
copy number). It would seem reasonable to assume that
a lower CT represents a higher initial amount of gene
transcripts [28]. However, this is true only when the two
reactions being compared have identical ampliﬁcation
eﬃciencies. We demonstrate this using the simulation as
shown in Fig. 5. In Fig. 5, CT for three individual reactions was 14.5 ( ), 20.5 ( ), and 18 (.); note that, although reaction . has a higher CT , in fact it had a 3.79fold greater initial amount of gene transcript than that
of reaction .
Reactions having equal starting amounts of total RNA but
varying amounts of polymerase activity and other components have distinct kinetics
To test the validity of the proposed quantitative
method, we applied the method to real time PCR reactions that ampliﬁed the same gene (GAPDH) having
the same initial amount of total RNA but diﬀerent
amounts of SYBR Green PCR Master Mix. Fig. 6
shows that the kinetic processes of the reactions were
diﬀerent. Ten microliter SYBR Green PCR Master
Mix resulted in a larger Rmax than the other reactions; a
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R0 represents a quantitative approach for real time PCR
assay
The ﬁtting of PCR kinetic data using Eq. (1) in this
study took into account the random ﬂuorescence dye
background, R0 , and derives the initial gene transcripts
based on the whole kinetic process. To further test the
validity of this quantitative method, real time PCR was
performed on the samples with known initial concentrations of GAPDH gene fragment. The derived R0
among the diluted samples showed a similar fraction
relationship as expected from the dilution factor. Table
3 summarizes the results of the experiment.
Fig. 5. A lower CT does not mean a higher R0 . All reactions have the
same Rmax 1.6 but diﬀerent other kinetic parameters as indicated in the
ﬁgure. CT in reactions, , , and . are 14.5, 20.5, and 18, respectively.
See details in the text.

Fig. 6. Real time PCR data with same input amount of total RNA but
varying SYBR Green PCR Master Mix (see details in the text).

decrease in SYBR Green PCR Master Mix led to a
reduction of ampliﬁcation eﬃciency. However, the
initial amount of gene transcripts calculated from Eq.
(6) is almost same for the samples, indicating that the
diﬀerence in kinetics does not necessarily reﬂect a difference in initial amount of gene. Table 2 summarizes
the results of the samples.

Discussion
An appropriate mathematical model is important for
accurate quantitation of gene transcripts in real time
PCR. The currently applied model, or Rn ¼ R0 ð1 þ EÞn ,
is a non-convergence function by which the growth of
real time PCR product is viewed as an unlimited process, which, although patently unrealistic, is perhaps a
reasonable approximation for the early stages of the
reaction. The model also assumes an ampliﬁcation eﬃciency which is constant [15,20], an assumption which is
obviously not true for the whole course of the reaction,
but, again, may be a reasonable approximation for the
early stages. Indeed, our simulation demonstrates that
ampliﬁcation eﬃciencies during the early exponential
phase for an individual reaction are relatively constant.
However, although this may be true in the initial stages
of the reaction, it cannot be true throughout the whole
process. Ampliﬁcation of template by PCR is a process
involving multiple components, including amount of
templates, primers, ions, nucleotides, enzyme activity,
and reaction temperature. Except for the reaction temperature, which is well controlled, all of these components are likely to be dynamically changed as the
reaction progresses and to subsequently aﬀect ampliﬁcation eﬃciency. Since the reaction eventually saturates,
ampliﬁcation eﬃciency must eventually fall to zero.
As well as the assumption of constant ampliﬁcation
eﬃciency, current quantitation methods also rely on the
assumption of equal ampliﬁcation eﬃciencies among

Table 2
Summary of kinetic data from samples with diﬀerent polymerase for real time PCR
Polymerasea (ll)

R2

Rmax

k

n1=2

Eb

CT

R0

10
8
6
4

0.9986
0.9988
0.9989
0.9982

2.783
2.340
2.155
1.791

2.605
2.635
2.684
2.749

30.60
30.23
30.93
30.443

0.47
0.46
0.45
0.44

15.95
15.90
16.55
16.20

2:3
2:4
2:1
2:7

a
b

SYBR Green PCR Master Mix was used.
Ampliﬁcation eﬃciency at cycle 8 was calculated using Eq. (2).

105
105
105
105
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Table 3
Real time PCR assay on samples with known concentration of
GAPDH (n ¼ 5)
Dilution times

R0 ðmean  SE)
0:001542  7:3
0:000817  8:3
0:000409  3:4
0:000261  1:5
0:000197  1:3
0:000156  8:2

1
2
4
6
8
10

(R0 of dilution 1)/R0
5

10
105
105
105
105
106

1
1.9
3.8
5.9
7.8
9.9

standard samples and between standard and measured
samples. In the comparative CT method, another assumption is that ampliﬁcation eﬃciency is 1 in the early
exponential phase [20]. However, in practice it has been
observed that trivial variations in reaction components,
thermal cycling conditions, and mispriming events during the early stage of PCR can greatly aﬀect the end
yield of the ampliﬁed product [29]. It therefore seems
highly unlikely that ampliﬁcation eﬃciency would be
exactly 1 and equal between diﬀerent reaction mixes.
Indeed, we have shown that early stage ampliﬁcation
eﬃciencies obtained from experimental real time PCR
data are often considerably less than 1 and often not
equal between individual samples [21]. Thus, in practical
real time PCR, if the above assumptions are not actually
satisﬁed, one could not expect reliability of quantitation.
The simulation study demonstrated that a higher endpoint R or a lower CT does not necessarily reﬂect a
higher initial level of gene transcript. Even for the same
gene from the same tissue sample, the kinetics can be
diﬀerent due to variation of sample loading, primer
concentration, enzyme, and nucleotide amount. Therefore, to maximize accuracy, quantitation of gene transcripts from each individual real time PCR should be
determined from a combined consideration of Rmax , n1=2
and k as indicated from Eq. (6). Since Rmax , n1=2 , and k
can be obtained by ﬁtting the real time PCR data using
Eq. (1), the initial amount of gene level can easily be
derived from R0 . If there is neither non-speciﬁc ampliﬁcation nor primer-dimer formation in the real time
PCR, the derived R0 will reﬂect the initial amount of
gene transcripts. Either normalization or relative comparison between genes can be derived from the calculated initial amount of gene level as represented by R0 .
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